3-Dimensional Space and
Sketches

Notes, Examples, and Exercises (with solutions)

Topics include cylindrical and spherical coordinates, vectors,
quadric surfaces, conics, rotation, coordinate system

Mathplane.com



Describe the equations: 3-dimension coordinate system: quadric surfaces

) 16 +4y7 -2 =0

Note the "xy-component" (found by eliminating/making z constant)
2 hyperbolas and an ellipse

"cones sprouting from the origin" "xz-component” (found by eliminating/making y constant)

"yz-component” (found by eliminating/making X constant)

2

2) 5x2 + 2y% +522 =20

The components 2) :

include 2 ellipses
and a circle

"ellipsoid" (or, spherical ellipsoid)

2

3 x+yi+zi-1

2 parabolas and a circle
("bowl shaped™)

Example:  8x + sy 245,22 = components are parabola (when z i_s constant)
parabola (when y is constant)
circle (when x is constant)

Note: since equation equals zero, the figure emerges from ‘
the origin (0, 0, 0)
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Sketching 3-Dimensional Conic

Example: Sketch - 4y —20 = 0 revolved around the z-axis

Sketch the curve in the 2-dimensional plane yz

22— 20 = 4y ‘ 1
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Then, revolve around the z-axis...
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2 2
another method: substitute /||x™ +y~ in place of y...

J F-4y-20 =0
2 2

this represents the radius
of each circle of rotation

(i.e. each partition or cross section) 2 2 2
X +y = 20—z

i

2 4
16x° + 16y° = 400~ 40z~ +z

2
16> + 167 = <20 _ 12>



Example: Change (-1, 1,-2) into cylindrical coordinates... Then, into spherical coordinates....

Cylindrical coordinates are (r, <, z)

To find rand <= , use the same approach as polar coordinates...

= rcost—
¥ = rsin<>

4
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= xz+y2

e+

r=42

Then, -1 = &2 cos&>

1= 42 sincy

since sin<= is positive, and cos< is negative, the angle falls in quadrant II

Eatl

2 <= =135 degees... P

Then, the z coordinate is  z = -2
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Spherical coordinates are  (p, < . §D )

2 is the "swivel around the xy-plane"
QD is the angle between rand p

p is the distance between the origin and (x, v, z)

pi= (02 + @ + 27
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Cylindrical Coordinate System

.. 2

Converting rectangular coordintes (x, y, z) to cylindrical coordinates (r, <, z)

2 2 2
= 2y 4y o
_ 1Y X = IC0s &3
& = tan (X)
y = rsine
z=1z

It's polar coordinate system with an added dimension!

Example: Convert (5, S/Vf 7) to cylindrical coordinates.

tan <= = .
-1 T
= =60 or —
S = tan A3 g
T
(10. 37.7)
quick check: x = rcosty = ].OCOS(;I:I =5
y = rsin = 10sin( EI = ‘/\]1\
z=z=7 (straight up the cylinder)
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Cylindrical coordinates overlapping
Cartesian/Rectangular coordinates
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Spherical Coordinate System

(r.S. D)

Converting rectangular coordinates (x, v, z) to spherical coordinates (p, < . C,_D)

2

x = psin& cos (P pr=xt+yl+z
y = psinsin D

Z = pcos (p

Converting spherical coordinates (p. =, gD) to cylindrical coordinates (r, <. 2)

r= psin(;D p2 247
o=
z= pcos@

Example: Convert (1,-1, //2) to spherical coordinates

p2=x2 4y2 152

p=Aﬂ2+mf+UV?f -2 \
N\

z= pcos(;’)

X
y = psincs sin CP ?} shows the "swivel" along the yz-plane
nE = ¥ = shows the "swivel" along the xy-plane
psma}')
p shows the "radius" of the "sphere"
. -1
sin™ =
2sin | |
4 o —
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"What is the distance between
Jupiter 2 and the planet?... Then,
describe the direction vector to
that planet..."

Trwin Allen Hall
est. 1965

"Dr. Smith, well, I think it's
X tx, divided by 2...
Then. y; +y, divided by 2..

'T don't think my
brother can pass
this oral exam.'

"Dang Robinson!

And, then z 1 + -

Despite hints from Penny, and warnings from Robot, Lost in
Will failed evil Dr. Smith's exam. <
LanceAF #307 (1-28-18) pace
mathplane.com

Exercises and Solutions-=->



Sketch the following 3-dimensional figures.... 3-Dimensional Sketches

1) 4y2+ 2z o= 16 revolved around the z-axis...

2
2) 6y — yz = x  revolved around the y-axis..

3) X2—2y2 +16y — 16 = 0 revolved around y-axis




4) Sketch 2%+ 3y2+ 322 = 12 3-Dimensional Sketches

5) Sketch x2+y2 — 522 = 25




Sketch the following 3-dimensional figures.... 3-Dimensional Sketches
SOLUTIONS

1) 4y2+ 222= 16 revolved around the z-axis...

v’ z
Tt 3 =1

an ellipse in the yz-plane...

2 ¥y
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|
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2) 6y — y- = x" revolved around the y-axis..
Step 1: Rewrite equation to find 2 dimensional figure... Step 2: Sketch figure in xy-plane.. Step 3: Revolve around axis
z
2t y2 ~6y =0 z
complete the square to put into standard form...
X
x2+y?~6y= 9 =0+29 x

2
2+ -3 =9 center at (0, 3, 0)

&

center: (0.3) inxy-plane or, (0, 3, 0)
radius: 3

3-d sphere

3) x2—2y2 +16y — 16 = 0 revolved around y-axis

-2y —8y + ) =16
(complete the square to put into standard form)

2 -2 -8y +16) =16 + (-32)

2 29-47 =-l6 m
1 | L
Ty y
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hyperbola in xy-plane  center (0, 4)

or, (0,4,0) x



4) Sketch 2x2 + 3y2 + 322

=12 SOLUTIONS 3-Dimensional Sketches

Xy components yz components XZ components
(when z = 0; xy-plane) (when x = 0; yz-plane) (when y = 0; xz-plane)

(ellipse) (circle) (ellipse)

2 2 2 2

.S 2,2 X,z

s "4 1 y- 4z 4 e 1 7

z z
y v X
y
blended together it is a "football"
or, "spherical ellipsoid"
hollow
X
2.2 2_ e T
5) Sketch x* +y< —5z = 25 If we sketch the cross sections....
xy - plane (when z = 0) xz - plane (when y = 0) vz - plane (when x = 0)
z
v z
X ) \ Y
(5.0)
or (5,0,0)
xz z 2
X _Z z
X +y?=25 25 5 1 %—5——1

circle with radius 5,
centered at origin

Then, combine them in the 3-d plane...

hyperbola centered at origin
and vertices at (5, 0, 0)
and (-5, 0, 0)

N

hyperbola centered at origin
and vertices at (0, 5, 0)
and (0, -5, 0)




Thanks for visiting! (hope it helped)

If you have questions, suggestions, or requests, let
us know.

Cheers.

mathplane.com

Also, visit our stores at TeachersPayleachers.com

Or, find content at Mathplane.ORG



